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Abstract

Selection on unobservables is an important concern for causal inference in observational studies,
and accordingly, previous papers have developed methods for sensitivity analysis for OLS, binary
choice models, instrumental variables, and movers designs. In this paper, I develop methods for
sensitivity analysis for a setting that has not been previously studied — discrete choice models. In
particular, I derive bounds for the omitted variables bias under an assumption about how much the
consumer values the omitted variable(s) relative to the included control variables, and about the
relationship between the omitted variable and the variable of interest. I provide theoretical results
for my bounding procedure, and demonstrate its performance in simulations. Finally, I show in

several empirical applications that my procedure produces economically meaningful bounds.

1 Introduction

Concerns over selection on unobservables are common in most observational studies in economics.
While the credibility revolution has led to the development of many quasi-experimental methods aimed
at overcoming these challenges (Angrist and Pischke 2010), there remains settings with important
economic questions without quasi-experimental variation in the variable of interest, so researchers
have little choice other than to rely on observational methods. Moreover,

Accordingly, a number of papers have developed methods for sensitivity analysis for OLS (Imbens
2003; Altonji, Elder, and Taber 2005; Oster 2019; Cinelli and Hazlett 2020; Diegert, Masten and
Poirier 2022; Masten and Poirier 2023), instrumental variables (Conley, Hansen, and Rossi 2012;
Nevo and Rosen 2012), movers designs (Finkelstein, Gentzkow, and Williams 2021), binary choice
models (Rosenbaum and Rubin 1983; Ding and VanderWeele 2016; VanderWeele and Ding 2017),

and structural methods (Andrews, Gentzkow, and Shapiro 2020). With the exception of Andrews,
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Gentzkow, and Shapiro (who focus on a somewhat different problem), these papers typically bound
the omitted variables bias based on two assumptions: (i) the relationship between the omitted variable
with the outcome, and (ii) the relationship between the omitted variable and the variable of interest.

In this paper, I develop methods sensitivity analysis for a commonly used model that is more
“structural” than those considered in the aforementioned papers that is nonetheless commonly used
in economic analysis: discrete choice models (Nevo and Whinston 2010). Specifically, I consider a
random utility model, where consumers choose between different products. The utility for consumer ¢

if she chooses product j is given by:

K
wij = Brij + qw;; + Z ez + €ijy € L (wig, wiz, 21;)
k=1
and she chooses the product that gives her the highest utility, j* = argmin;{u;;}.

Similar to previous papers on sensitivity analysis, we are interested on the “effect” 3 of a variable
of interest x;;, but since a scale normalization is required for utility, it makes more sense to consider
the marginal rate of subsitution (MRS) between z;; and another variable w;;. For example, if w;; is
price, then 3/« represents the consumers’ willingness-to-pay for the characteristic x;;. We are able to
estimate 8 and « consistently if we include all of the controls z;;, but the worry is that some of the
zfj’s are not observed, in which case we may have omitted variables bias (OVB).

There are several notable differences between this random utility model that the more “reduced
form” models considered in previous studies on sensitivity analysis. First, the “left hand side variable”
in the equation of interest — utility — is unobserved, unlike the outcome variable in OLS and IV.! This
is problematic because sensitivity analysis in previous papers typically require an assumption related
to the partial R? from a hypothetical regression of the outcome variable on the omitted variable,
and such an assumption makes less sense when the outcome variable is latent (unobserved). To deal
with this, I replace this hypothetical R? assumption with an assumption about how much more the
consumer values the omitted variable, relative to the included covariates. An appealing feature about
this assumption is that it has a clear economic interpretation, whereas the R? assumption only describes
a statistical relationship.

Second, there is not always a convenient exact formula for the OVB (unlike OLS). So, although

discussions regarding the OVB in discrete choice models often invoke intuitions from the OLS case, we

IThis is similar to the latent index model for binary choice. However, there is only a single equation per observation
in binary choice, whereas in discrete choice settings where a consumer is choosing between J products, there are either
J — 1 or J equations per observation (consumer), depending on whether or not there is an outside option.



need to formalize these intuitions when deriving precise results on the possible magnitudes of OVB.
I do so by first considering a very specific parametric setting where the observed and unobserved
covariates as well as the error terms come from a Gaussian distribtion, which allows me to derive exact
formulas for the OVB. I then show that the OVB formula holds asymptotically under more general
distributions for the covariates, and under arbitrary error distributions.

Third, as mentioned earlier, we are interested in the ratio of two coefficients, unlike in OLS and
IV settings (where there is no scaling variable). We may potentially be concerned that the scaling
variable w;; may likewise suffer from omitted variables bias, so in my sensitivity analysis I also derive
bounds that account for possible OVB for the scaling variable.

My sensitivity analysis derives bounds on the omitted variables bias for the coefficient of interest
B/a based on two main assumptions. First, the researcher needs to make an assumption about how
many times more the consumer values the omitted characteristic relative to the included control char-
acteristics (M). As mentioned above, this is analogous to the assumption in sensitivity analysis in
OLS of the partial R? from a hypothetical regression of the outcome on the omitted variable.

Second, the researcher can make an assumption on the maximum R? from a regression of the
variable of interest x;; on all of the controls z;; (observe and unobserved) whihc we will call Rfmm,x,
and similarly for w;; if we allow for possible endogeneity in the scaling variable. This second assumption
is “optional”, in that we can still obtain bounds without it (by essentially assuming the “worst case
scenario” of an R? infinitesimally close to one), although we can obtain a tighter bound if the researcher
is willing to make the R? assumption. Variants of this assumption are typically also made in sensitivity
analysis for OLS — for example, this is closely related to what Oster (2019) calls the “proportional
selection relationship”.

My sensitivity analysis can be used by researchers in at least two ways. First, the researcher may

2

T, max

have strong priors about what M and R are, in which case she can compute the identified set (i.e.,

bounds) for 3/a under these assumed assumed values of M and R2 Alternatively, the researcher

Zl),m(lil)'
can consider a “test” of whether 8/« is equal to a certain value 7*, e.g., zero, or some other value
predicted by ecconomic theory (which we can think of as the null hypothesis). We can then derive the
set of values for (M, R2,,.) for which OVB can explain the discrepancy between the estimate 3/d& and

the value given by the null hypothesis 7*. Based on contextual knowledge, the researcher can then

determine whether these values of M and R?

- ae are plausible.

This paper contributes to a large literature on sensitivity analysis, both in economics and outside



of it. However, most of the literature in economics has focused on OLS (Imbens 2003; Altonji, Elder,
and Taber 2005; Oster 2019; Cinelli and Hazlett 2020; Diegert, Masten and Poirier 2022; Masten and
Poirier 2023), and instrumental variables settings (Conley, Hansen, and Rossi 2012; Nevo and Rosen
2012), so this paper is the first (to the best of my knowledge) to consider sensitivity analysis in discrete
choice settings.

Outside of economics, Ding and VanderWeele (2016) and VanderWeele and Ding (2017) also con-
sider sensitivity analysis for choice models. However, their assumptions are formulated in terms of
relative risks, which may be natural in certain settings (e.g., epedemiology), but are typically harder
to interpret in economics. Moreover, their bounding procedure is most readily applied to cases with
binary outcomes and becomes unwieldy if one tries to extend it to many unordered categorical out-
comes, which is the setting for discrete choice models. By contrast, the assumptions for my bounding
procedure do not depend on the number of categories (products).

This paper proceeds as follows. In section 2, I consider a simplied version of the model to pro-
vide intuition, before providing more general theoretical results in section 3. In section 4, I present
simulation evidence on the performance of my bounding procedure, and in section 5, I provide empir-
ical applications which show that my procedure provides economically meaningful bounds. Section 6

concludes.
2 Simplified Model with Exogenous Scaling Variable

In this section, I consider a simplified model where we assume that the scaling variable is exogenous,

in order to build intuition. The general version of the model is presented in section 3.

2.1 Setup

There are N consumers (indexed by 4) are choosing between J > 2 products (indexed by j). We assume
that there is no outside option, but the results all carry over to the case with an outside option, with
slight notational changes. Suppose that consumer ¢’s indirect utility from choosing product j is given

by:
K
Ujj = 6]}@* + aw;; + Z (5sz] + €5, (1)
k=1

a#0, Ele;;] =0, Var(z;) = Var(w;;) = Var(zfj) =Var(e;;) = 1Vk,

1 KN/
€ij 1 (xij,wij,z ij) .

ijs e 2



The researcher wants to learn consumers’ preferences for the variable x;;, which could be a product
characteristic, for example.? The magnitude of the coefficient on x5, 3 alone is difficult to interpret,
since the scale normalization for the utility is arbitary. Hence, we assume there is a scaling variable
w;j, so the quantity of interest to the researcher is /c, which tells us how much the consumer values
x;; relative to w;; (i.e., the MRS between z;; and w;;). For example, if w;; is the price of j, then §/a

represents consumers’ willing-to-pay for x;;.

K

There are additional covariates z}j, ...Z;; , that are not of economic interest, but may need to be

controlled for in order for the estimate of 8/a to be consistent, i.e., to avoid OVB; however, the

researcher observes a subset of these controls zilj, - ziLj, L < K. Without loss of generality, we assume
that there is a single omitted variable, i.e., K = L + 1, because otherwise, we can always consider
the “composite” omitted variable given by ZkK: L4l 6sz] Also without loss of generality, assume that
0 > 0 for all k& (otherwise, we can multiply zfj by —1), and that §; > 0 for some [ € {1, ..., L}.

Let us denote the estimate of 3/« obtained from controlling for none of the zéj’s, and only for
zilj, . zZLj by /& and B /& respectively. In general, both of these estimates may suffer from OVB, so
in this paper I derive bounds for the true parameter 3/« based only on parameters identified in the
data. To derive these bounds, I need to make several assumptions, which I state and discuss below.

Assumption D (Preferences for Omitted Variables Relative to Included Controls). Assume that

consumers value the omitted variable at most M times more than the included controls:

L
ok <MY 4. (2)
=1

Assumption RO (R? from a regression of x;; on all the zf] ’s). Assume that the R? from a regression
of xij on zij, ..., .z}5 is at most R .., < 1.
Remark 1. Assumption D is the most important assumption for deriving bounds for the OVB, and the
value of M should be chosen based on contextual knowledge (noting that all the zf] are standardized).
Alternatively, suppose that the researcher wants to test whether the discrepancy between the estimate

3 /& and some target value 7* (which need not be zero) can be explained by OVB. Then, we can

compute the minimum value of M required so that that OVB can completely explain this discrepancy.

Remark 2. Similar to M, the value of RZ ., should be specified based on contextual knowledge.

However, we can still derive bounds without the researcher making an assumption on R2 since

,max?

2This variable must vary across products, since a variable that varies only across consumers affects the consumer’s
utility for all products in their choice set equally, and is thus not identified.



this corresponds to the most conservative assumption would be to assume that R? =1, although

T, max

2

T, max*

tighter bounds can be obtained if one assumes a smaller value of R

2

Remark 3. Instead of assuming a value for R; .., we can equivalently assume that the R? from a

2

2 1) €xplains is at most M, g times the R? from a regression

regression including all controls (denoted R,

of x;; on zilj, - zlL] (denoted RiobservedL whether this latter R? is identified in the data. This choice of
M, g is related to Ri,mam by the inequality: R?:,max = MRRi,observed' or Mp = Ri,maI/Rg,observed'

This is closely related to proportional selection relationship described in Oster (2019). Assume
without loss that there is only one observed control zilj (otherwise, we can define Zilj = Zle 0 zzl7 and
normalize accordingly). Then, there exists a value x (denoted ¢ in Oster 2019), where the following

relationship holds:
Cov(xij,zilj) _ Cov(a:ij,z?j)
Var(z};) Var(z;)

which simplifies to:

K- Corr(w;j, 2}

_ .2 2y 2
ij) = KPg 1 = Corr(acl], Zij) = Pz 22

1

2 : y 1 2 : 2 2
The R* values from regressions of x;; on z;;, and both z;; and zj; are given by Py and Pyt

2
T, max

pi,z2 = (1 + K)p2, respectively. Hence, the equation R = My rRZ peerveq 1S €quivalent to
(14 k)p2, = My pp2:, or My g =1+ k. Oster (2019) argues that in many empirical applications,
a value of kK = 1 is reasonable. This corresponds in our framework to a choice of M, r = 2 or
Ri,maw = min{2Ri,observed’ 1}.

Remark 4. Since Assumption RO restricts R? < Ri,mam < 1, this implies that x;; is not perfectly pre-

dicted by a linear combination of zilj, e zfj{ . This is necessary because otherwise, it will be impossible

to distinguish between effects of the zfj’s and the effect of x;;.

In this section, we consider a simplified setting where the scaling variable is exogenous, given by
Assumption E below. This mirrors the OLS case more closely, since we are only trying to bound the
OVB for one variable. The general case where the scaling variable is not necessarily exogenous is
considered in the next section.

oy 2B8)

Assumption E (Ezogenous Scaling Variable). Assume that wi; L (245, 2} i

35

2.2 Gaussian Regressors and Errors

In this section, we first make a strong assumption about the distribution of the covariates and error

terms, before showing that the results apply more generally in subsequent analyses.



Assumption NO (Gaussian Distribution and i.i.d. Errors). Assume that the covariates and struc-

tural error terms are jointly normally distributed:

(jSj, Wij, Zilj, ceey Zf]()/ At N(O, E),

where Y is a positive-definite correlation matriz. In addition, assume that Cov(zF Ziss Zj) = 0 for all
kK #k.

Remark 5. Diegert, Masten, and Poirier (2022) note the “exogenous controls” assumption, i.e., that

2B |

i (2.2 ) is unrealistic in many empirical settings. Nonetheless, the part in assumption NO

1] ?
stating that the zf s are independent is without loss of generality. This is because the OVB depends
only on the space spanned by the z s, and thus, if the z ’s were not initially independent, we can

always orthogonalize them using Gram-Schimdt or by partialling out. Independence of the z ’s is only

assumed here to simplify the formulae.

Next, I introduce some notation for population estimates from different multinomial probit spec-
ifications. Denote estimates from the specification without controls using “checks” (e.g., /&) and

., zE using “hats” (e.g., 8/@).

estimates from the specification including the observed controls z} i

ijo e

Also, denote correlations between two random variables U and V by py v.

Lemma 1. Under Assumptions D, NO, R0, and E, we have:
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When L =1 and p, .1 # 0, these bounds can also be written as:

ﬁez:< e (?—?)( R o — ) | 5 | (
@ Pz,zt \ & (e ’ P, 21

Moreover, these bounds are sharp, in the sense that for any 7T in I, there exists a data-generating

o
(0%

Q>‘Q>
Q>‘Q>
Q“Q(

) (VB2 e — 7221 D .

(4)

process satisfying Assumptions D, NO, R0, and E that yields the estimates (d,B,OAl,B,:)/x7zl, s Va2t )

and such that B/a = T.

The full proof of Lemma [I]is given in the Appendix, but the key is that we have an exact formula

for the omitted variables bias in the probit model with Gaussian covariates. Specifically, suppose we



estimate utility without any controls:
v = Bajij + aw;; + e4;. (5)
Assumption NO implies that for each k:
zfj = Py 2k Tij + ij, IE[VZM:”] =0, Var(ufj|xij) =02,. (6)

and that (I/ilj, . Vg )’ is jointly normally distributed with a diagonal covariance matrix. So, substituting

equations (@ and into equation , we obtain:

K K
vij = (ﬂ +° 5kpx,zk> Tij + ow;j + (fij + ) g VZ) .
=1

k=1

=4 =€ij

The error term e;; has a Gaussian distribution as a consequence of Assumption NO, and thus, equation
is still a multinomial probit specification. From this we deduce that the population estimates of

the coefficients on x;; and w;; are given by:

K
) k

1+, 6202, I+ S, 0202,

Taking the ratio of 8 and &, the attenuation term cancels out, and the omitted variables bias is

B =

given by Zle Ok Pz -+ /a. Similarly, one can show that when including zilj, e 2{3 in the utility equation,
the omitted variables bias is ZkK:LH OkPy ok /¢ = Op41Ps »r+1 /. The remainder of the proof derives

straightforward bounds for é7,,1 and p, ,z+1 based on the assumptions made in the Lemma.

Remark 6. Other than computing bounds, another way to use the results above is for “hypothesis
testing”. Specifically, we would like to test whether the discrepancy between the estimates B /& and 7*

can be explained by omitted variables bias, so we form the following null hypothesis:

Hy:p/la=T1"



We can then compute that the minimal values of (M, R2,,.

) that are consistent with the null hypothesis:

L
|B/OA‘_T*|_|<MZ(§1/&> maz szzl

=1

L —1
— M:|B/d—T*|<Z(§l/d> mam mezl ’
=1

are plausible.

and the researcher can gauge whether these values of (M, R?,,.)

Remark 7. The estimates in the proof are asymptotic, abstracting from statistical uncertainty, but in
practice, we may want to account for this uncertainty. Suppose the researcher wants a coverage rate
of at least 1 — «. Suppose that sgn(d& — q - se(&)) = sgn(a + q - se(&)) # 0, otherwise, the bounds
would be (—o00, 00) since the coefficient in the denominator, o can approach zero from either positive
or negative direction. Assume also that & —q;_./2-se(&) > 0 to simplify notation (analogous formulae
can be obtained for the case & +q1_/2 - se(@) < 0. Then, we can write the bounds with coverage rate
at least 1 — ~ as:
B —q1—/2 36(8)

&+ qi_y/2 - 8GN (B — 1.9636(5)) se(&)

161] + 12 - se(b1) - 2
Pzt T Q12 - 5€(Pg 21
| (ry s B =Y (a4 125l

-1 aiql v/2° Se(d) =1

for the lower bound, and:

B T q1—/2 56(6)

& — 12" SN (5 —q1—~/2 " 36(3)) se(&)

101 + 12 - 5€(01) < N2
MZ maa: Z pL‘,Zl + q1—~/2 SQ(pI,zl))

— Q12 - 5€(&) -1

for the upper bound, where q;_ /5 is the (1 — v/2)-th quantile of a standard Gaussian distribution.?
Note also that this bound will have coverage rate greater than 1 — v in general, since it considers
the “worst-case” value in the (1 —+/2) x 100% CI for coefficient estimates entering the lower and upper

bounds. If (asymptotic) coverage rate of exactly 1 — v is desired, one can in principle use the entire

3In the denominator, there is a term corresponding to the sgn(:) function is evaluated at the value of numerator.
This is to account for the fact that (if the the denominator is positive) increasing the denominator reduces the value
when the numerator is positive, but increases it when the numerator is negative.



covariance matrix for the coefficient estimates in conjunction with the delta method.

Remark 8. In practice, for computing the bounds with more than one control variable, one can orthog-

)

;’s using Gram-Schmidt, or by residualizing recursively. However, a simpler approach

onalize the z}
may to reduce the zﬁj’s into a single-dimensional composite control based on a linear combination using
utility weights. Specifically, one can estimate the specification including the zfj’s, and then consider

Eilj = Zlel 5lzll»j as the composite variable. One can then estimate the specification using Zilj as the

control variable (after standardizing it to have unit variance), and compute the bounds using either

equation or . 4

2.3 Relaxing the Distributional Assumption

The assumption that the covariates and error terms follow a Gaussian distribution is stronger than
necessary. Below, I introduce an assumption under which we can obtain the same results.

Assumption N (Linear Conditional Expectation). Define p;; = bx;; + aw;; + Zszl dszj, and

assume that:
E [(l'ij, Wiy eeny Zz-lj, ceey ij{)l‘(,u,ﬂ, ceny ,U/iJ)/]

K

is linear in p, ..., pig. Also, assume that (zij,wij, ..., 2} i;) is distributed i.i.d. with positive

iy e 2

definite covariance matriz Y3, and that Cov(zfj, zlkj/) =0 for all k' # k.

Remark 9. Assumption N relaxes Assumption NO in two ways. First, it allows for more general

1

distributions for the covariates (zij, wij, ..., z;;, ,zfj ), as long as they have the linear conditional

expectation property given in the assumption. For example, this assumption is satisfied if the distri-

1
y Zijs s

bution of (x;;, w;j, ... ,zfj{ )" belongs to the class of spherically symmetrically distributions, which
the multivariate Gaussian distribution is a special case of.

The second way in which Assumption N relaxes Assumption NO is that there are no assumptions
on the distribution of ¢;. Not only does €;; not have to follow a Gaussian distribution, Assumption N

also allows for non-zero correlations between ¢;; and ¢;;: (j # 7).

The following proposition states that the bounds given in Lemma [T still holds if Assumption NO is

replaced with Assumption N.

40ne scenario where this approach of using a composite control variable may not be preferable is if estimating the
random utility model is computationally intensive. This is because this approach requires estimating the specification
with controls twice — once to obtain the utility weights on the control variables, and a second time with the composite
control variable to obtain the coefficients to compute the bounds. In this case, it may be preferable to orthogonalize the
control variables beforehand, since this requires estimating the random utility model only once.

10



Proposition 1. (OVB Bound with Exogenous Scaling Variable). Under Assumptions D, N, and R0,
and E, the bounds for 8/a is given by the interval I in equations (@ and . Moreover, these bounds
are sharp, in the sense that for any 7 in I, there exists a data-generating process satisfying Assumptions

D, N, RO, and E that yields the estimates (&, B,OA{7/B7’3/$7Z17 s Y,22)', and such that 3/o = T.

Proof. Under Assumption N, the coefficient estimates on the covariates derived in the proof of Lemma
still hold up to a scale, as shown in Ruud (1983). Since the parameter of interest is a ratio, the
scale cancels out, and so the proof of Lemma [l] goes through when we replace Assumption NO with

Assumption N. O

Remark 10. A practical implication of this result is that as long as the researcher believes the regressors
have the linear conditional expectation property described in Assumption N, it does not matter what
distribution she assumes for the error term. In particular, the researcher may prefer to estimate a
conditional logit model instead of a conditional probit model (even if she believes that €;; follow a
Gaussian distribution) since it is typically less computationally expensive to do so, and the bounds for

the OVB given in equations and will still hold asymptotically.

3 General Model

In this section, we will drop Assumption E, so that now both the the variable of interest and the
scaling variable potentially both suffer from OVB. We modify Assumption RO slightly, to consider

additionally, the regression of w;; on z};, ..., 2[5

Assumption R (R? from regressions of x;; and w;; on all the zfj ’s). Assume that the values of the

K

R? from regressions of x;; and w;j on zilj, <y o235 are strictly smaller than R2 uw <1land R, .. <1

respectively.

Remark 11. Again, the values of R? and R? should be specified by the researcher based on

T, max w,max

contextual knowledge.

Assumption C (Non-Zero Denominator). Assume that the following condition holds:

—1 K-1 —1 K-1
sgn & — (M : Z 61) R’L%;,ma:r - Z ﬁ?u,zl = sgn &+ (M : Z 61) R%u,maz - Z pAi,,zl 7é 0.
=1 =1 =1 =1

Remark 12. Assumption C guarantees that the bounds for the scaling variable does not include zero.

11



If this assumption is violated, the bound for 3/a will be (—oo, c0).5

Proposition 2. (OVB Bound with Endogenous Scaling Variable). Under Assumptions D, N, R, and

C, B/a €I = (Inin, Imaz), where Ly, and Iy, are defined by:

Lin = min
Pr 2K Py 2 K

B ( E )pw,zK
& — ( )pw,zK

K-1
s.t. (1 przl> pzzK+ (1 mezl> psz
=1
K—
+2< wa Z Izlpwzl> pa:zprzK<CK 15 (8)
K—
pmzK <R:cma:c Zprzl’
psz <meaz przl’ (9)

_ (M Z 51)szf<
Py 2K 3Py K (31 (M Zl 1 6l)pw,zK

K—
pi,zK = CD ,mazx Z px zb
p?u,zK = w mazx Z pw zb (11)

and where Cy, is defined by:

k
1- ﬁi,w + Z <2p$ wpw zkpw zk = p;p PLa pw Z’C) + Z (ﬁw,zkﬁw’zk’ (ﬁw,zkﬁwyzk’ - pz,zk'ﬁw,z’“))
k=1k'#k
for any integer k > 0. Moreover, when R? maz = = R2 maz = 1, this bound is sharp, in the sense that
for any 7 in I, there exists a data-generating process satisfying Assumptions D, N, R, and C, that

yields the estimates (d,B,&,B,’y%Zl, vy Vu,22)' and such that B/a = T.

5Even though the setup of the model assumes o # 0, 8/a can still tend to positive and negative infinity as «
approaches zero from both sides, hence the reason Assumption C is needed.

12



The full proof is given in the Appendix, but here I briefly explain the roles played by various
quantities in the statement of the proposition. The constrained optimization problems @D and
define the largest and smallest possible values of the true parameter based on the omitted variables bias
formula, and the restrictions imposed by the assumptions. The term C} is equal to the determinant of
the kth leading principal minor of the covariance matrix 3, and the first constraint in the optimization

problems ensures that ¥ is positive (semi-) definite.

Remark 13. The constrained optimization problems @[) and are non-convex, and the solution gen-
erally involves finding zeroes of quartic polynomials and checking boundary conditions. The formulas
are rather complicated, and are given in Appendix Section [C}] However, in practice, one can simply
do a grid search over (v, .x,Vy.x) € [—1, 1]? by evaluating the objective functions for each possible

value and checking whether the constraints are satisfied.

Remark 14. Alternatively, one can simply ignore the first constraint and use only the second and third
constraints. This will produce a looser bound in general, but there is a simple closed form solution for

the bounds, given by:

@ b= (M d) (R e — S 721
I ‘ N b
" ason (B (M) (VR e~ S 20) ) (MSE18) (VB e — St 720)
o B (MEd) (R as — i 2.1

maxr ~ )

G—sgn (B = (ML, 80) (\VEmaw = Xia 720) ) (MEEL60) (VB e = X1 220

assuming that & — (M S 51) (\/R?])_’mam - it zl) > 0.
Remark 15. Intuitively, using the first constraint may produce a tighter bound since it utilizes infor-

mation on the covariances between variables to rule out some values of 7, ,x and ~,, ,x. For a simple

example, consider the case where there is one control variable (L = 1), and parameter values:
a=pF=10, 61 =1, prw = 0.5, py 1 = py 1 = 0.5,

and suppose we assume M = 1, Rﬁymam = Rfmmam = 0.9. Then, without using the first constraint, the

13



objective function takes its minimum when:

Px,z2 = 4/ R?x,maw - pi721 ~ 0.75,
Pw,z2 = — \/ R%,max - pizl ~ —0.75.

However, the first constraint tells us this is not possible. In particular, these values would imply that
the following matrix:

L pew  Przt Paz
Prw L Puzt Puwz2

Px,zt Pw,2? 1 0

_pz,z2 Pw,z2 0 1

has a determinant of -0.62, so it is not positive semidefinite and cannot be a covariance matrix.® Hence,
the true magnitude of either p, .» or p,, ,» must be smaller than the assumed values above, so that

using the first constraint results in a tighter bound.

Remark 16. Accounting for sampling uncertainty is more tricky in this general case, since it is not
immediately obvious whether a given direction of movement in the covariance terms p, . and p,, .
increases or decreases lower and upper bounds. In principle, one can consider whether the first con-
straint binds at the estimated values, and take the partial derivative with respect to each covariance
term (to figure out if increasing the covariance tightens or loosens the constraint). However, this is
tedious in practice (especially if L is large), and it still does not cover some cases: for example, even
if the first constraint does not bind at the estimated values, it is possible that one cannot reject the
null hypothesis that it binds at the true values of the parameters due to statistical uncertainty.
Therefore, at the cost of settling for a looser bound, one can use the bounds in Remark [I4] that do
not use information on the covariance terms p, .. and p,, .1 as a starting point. Specfically, suppose
we want a coverage rate of at least 1 — . Assume also that we can reject the null hypothesis that

a = 0, and to simplify notation, that:

L L
d_ql—'y/Q'se(d)_ (MZ(dl + q1—'y/2 . 86(51))) R%u,maz - Z (‘ﬁw,zl| - Q1—'y/2 : se(ﬁw,zl)) 2 > 0.
=1 =1

%0ne can check that the first three leading principal minors are positive, so that the covariance matrices for the
(45, wij, zilj)’ are valid.

14



Then, we can use the bounds:

(2) ’

2
<I7€n,i)n,num(Q1—'y/2) Ir(n?z)zx,num (q177/2) )
(2) )

min,den(ql—’)’/Q) Imaa;7den(q1—"{/2)

I(Q1—7/2) = (Ifrfi)n(QI—'y/Q)7Ir(r%gx(ql—’y/Q)) =

where:
R ) L R R L
Ir(ji)n,num(qlf'y/Q) = 5—61177/2'36( )_ (MZ(él + q17'y/2 . 86(51))> Ri,maz - Z (‘ﬁx,zl| - Q17'y/2 . se(ﬁx,zl)) 2 3
=1 =1

Ir(jz')n,den(%—wﬂ) =a+qi_y2- se(&)

L L
59 (15 ) (M S G+ qino se@))) B2 naw = 9 (Pt = @12 s€(pu ) * |
=1

=1

L L
I’S)fr)zw,num((hfwﬂ) = ,34‘(]177/2'36(,6)4' (M Z(5l + q1—~/2 - 56(&))) R?x,maw - Z (|ﬁx,zl| —dq1—~/2" Se(faw,zl)) 2 y
=1 =1

I?S?z)zm,den(qlf'y/Q) =& — q1—~/2 " 86(@)

L L
— sgn (1) um) (M D Ot aiys se(&») B2 nae = O (IPuwst] = @12 - 5€(pr 1)) 2
1=1 1=1

While the distributional assumptions in Assumption N are more general than in NO, it still does
not cover certain regressors used in practice such as indicator variables, so we may wonder about the
consequences of misspecifying the error distribution in these cases. A well-known interpretation of
the estimates from such a misspecified MLE is that they minimize the Kullback-Leibler divergence
between the true and assumed distributions. However, from an applied perspective, this still does not
provide the researcher with guidance on how far the coeflicient estimates are from their true values
due to the misspecification.

In the final part of this section, I state a result showing that if the number of controls gets large, the
main results hold asymptotically with probability one, with essentially no restrictions on the distribu-
tions of the covariates. Before stating the result, I introduce additional notation, and a new assumption
1 K)/ a

that replaces the distributional assumptions in Assumption N. Denote by Y = (2}, w], z; z

2R 2]
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random vector taking values in R? where d = K.J + 2, and note that we can write Y = puy + 2/22Z,
for a random variable Z with E[Z] = 0, E[ZZ'] = I;. Also, the matrix norm in this section, denoted
by || - || corresponds to the spectral norm.

Assumption S (Steinberger and Leeb 2018). Let V4 be the collection of d x J matrices with
orthonormal columns (i.e., the Stiefel manifold), equipped with the Haar measure vq j(-) (i.e., uniform
distribution on the Stiefield manifold). Let Sy be the m x m = (Z;Z}/d)]";,_y Gram-matriz for m i.i.d.
copies of Z, Zy, ..., Zm. For g>1, let G = G(Sp, — Iy,) = 1_, (S — L)y, for (i, 5i) € {1, ..., m}?,
iW<j;,1<1<g,andlet G =1 for g =0 (so that G is the monomial of order g). Suppose that the
following conditions hold for m = 2:

(S81)(a) There are constants € € [0,1/2] and & > 1 so that B||\V/d(Sp — L,)|[*™T'* < a.

(S1)(b) There are constants 3 > 0 and & € (0,1/2] that satisfy the following: For any monomial
G = G(Sy, — I,,) with degree g < 2m, we have |d9/?E[G] — 1| < §/d¢ if G consists only of quadratic
factors in elements above the diagonal, and |d9/?E[G]| < B/d¢ if G contains a linear factor.

(52) There is a constant D > 1 such that the following is true: if R is an orthogonal d x d matriz,

then the marginal densities of the first d —m+ 1 components of RZ are bounded by (mil) 1/2Dd_k"‘1.

Also, assume that (x5, wsj, ..., zilj, e zf;)’ is distributed i.i.d. with positive definite covariance matriz
%, and that Cov(zf;, zfjl) =0 for all k' # k.

Note that we are considering a sequences of data-generating processes as d tends to infinity, but for
notational simplicity, I will keep the dependence of the parameters and distributions on the sequence
implicit.

Proposition 3. (OVB Bound with Endogenous Scaling Variable, with many Covariates and Products).
Suppose Assumptions S, N, R, and C, hold, and that d — oo, N/d — oo and J remains finite
or goes to infinity at a rate slower than log(d). Then, there are subsets J(X) and U(A) from the
Stiefel manifolds of dimensions d x J and d x d respectively, such that for any values of A satisfying
B = SI2AASA)? € J(2), and © € S = {UAU'|A = diag(\)) > 0,U € U(A)}, the (non-
inclusive) upper and lower bounds for 8/a approach I'nn and Lya., as given by equations (@ and

respectively, and the Haar measures of J¢(2) and U°(A) tend to zero.

Remark 17. 1t is worth mentioning a key difference in the asymptotics I consider here, compared to
papers studying the properties of MLE in high dimensions, e.g., Sur and Candes (2019), and Zhao, Sur,
and Candes (2022) who study high-dimensional logistic regressions. These papers typically assume that

the number of covariates tend to infinity at the same rate as the number of observations (i.e., where
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N/d remains bounded), whereas I assume that number of covariates grow at a slower rate (so that
N/d — oo. On the other hand, these papers require much stronger assumptions on the distribution of
the covariates and error terms. For example, Sur and Candes (2019) and Zhao, Sur, and Candes (2022)
require that the covariates are jointly normally distributed and that the error term’s distribution is

correctly specified, whereas my result above requires neither of these assumptions.

Remark 18. As an example of an empirical setting where the number of controls gets large, consider
demand estimation for consumers across many different markets. In these cases, it is often sensible to
include market fixed effects in the utility equation, and potentially, to allow some of the coefficients
to vary by market. A sampling scheme that mirrors the asymptotics assumed in Proposition [3] is as

follows:

1. Suppose that there is a superpopulation of markets, from which we draw a random sample of

markets.

2. Suppose that within each market, there is a superpopulation of individuals, from which we also

draw a random sample.

The first step ensures that d — oo since we include market fixed effects in the utility equation, while

the second step ensures that N/d — oc.

4 Simulations

In this section, I present simulation results on the performance of the bounds I derived in the pre-
vious sections. Panel A shows specifications with exogenous scaling variable, whereas panel B shows
specifications with endogenous scaling variable. For each specification, I run 100 simulations, with
10,000 observations in each simulation. All models are estimated using conditional logit, although the
true error distribution is normally distributed. These bounds account for standard errors, and are
computed to ensure a coverage rate of at least 95%.

In computing the bounds, I use the true value of M = 1. This is unknown to the researcher in
practice, but as long as she chooses a larger value of M, she will obtain an even more conservative

bound. I also derive bounds under alternative assumptions for R? and R? since these values

T, max w,max?

are also unknown to the researcher in practice. For the conservative bounds, I use the most conservative

value of 1 for the maximum R? values, whereas for the exact bounds, I use the true values of the R2.

17



The results in Table [1| shows that the coverage rate is greater than 95%, as we would expect, and
that making (valid) assumptions about the values of R? and R? can appreciably tighten these

T, max w,max

bounds.
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Table 1: Simulation Results

True Parameters: B/ =1/10,6,=1,8, =1, M=1
Panel A: Exogenous Scaling Variable

Specification Coverage Rate Lower Bound (Mean) Upper Bound (Mean)
Pxat Px.2 Pw. Pw.2 Pxw Conservative Exact Conservative Exact Conservative Exact
0.25 0.25 0 0 0 1.00 1.00 0.007 0.083 0.248 0.177
-0.25 0.25 0 0 0 1.00 1.00 -0.008 0.079 0.262 0.181
0.25 -0.25 0 0 0 1.00 1.00 -0.056 0.031 0.204 0.122
-0.25 -0.25 0 0 0 1.00 1.00 -0.042 0.035 0.191 0.118

Panel B: Endogenous Scaling Variable

Specification Coverage Rate Lower Bound (Mean) Upper Bound (Mean)
Px.z1 Px2 Pw.zi Pw.2 P Conservative Exact Conservative Exact Conservative Exact
0.25 0.25 -0.1 0.1 0.1 1.00 1.00 0.013 0.082 0.277 0.175
-0.25 0.25 -0.1 0.1 0.1 1.00 1.00 0.002 0.078 0.294 0.179
0.25 -0.25 -0.1 0.1 0.1 1.00 1.00 -0.061 0.030 0.230 0.119
-0.25 -0.25 -0.1 0.1 0.1 1.00 1.00 -0.043 0.034 0.210 0.115
0.25 0.25 -0.1 -0.1 0.1 1.00 1.00 0.018 0.087 0.281 0.180
-0.25 0.25 -0.1 -0.1 0.1 1.00 1.00 0.006 0.083 0.302 0.185
0.25 -0.25 -0.1 -0.1 0.1 1.00 1.00 -0.055 0.033 0.234 0.123
-0.25 -0.25 -0.1 -0.1 0.1 1.00 1.00 -0.039 0.037 0.214 0.119

Notes: This table shows results from simulations described in the main text. Each 100 simulations are run for each specification, the number of observations in each simulation is 10,000, and
all models are estimated using conditional logit. All bounds are formed using the true value of M=1, and the conservative bounds do not employ any assumption on the maximum R-squared
from regressions of the endogenous and scaling variables on the controls, whereas the exact bounds use the actual R-squared values for the maximum R-squared. All bounds are formed
accounting for standard errors in the parameter estimates, in order to ensure at least 95% coverage rate. The bounds in panel A are formed using the formula for exogenous scaling variables,
whereas the boudns in panel B are formed using the formula for endogenous scaling variables.



5 Empirical Applications

In this section, I use two empirical applications to illustrate how the sensitivity analysis can be applied
in practice. A general description of each empirical application, and the results of the sensitivity
analysis is given here. Details concerning the assumptions and calculations underlying the sensitivity

analysis are given in theppendix.

5.1 Chevalier and Goolsbee (2009): Are Consumers Forward Looking?

Chevalier and Goolsbee (2009) test whether consumers are as forward-looking as typical 10 models
about durable goods assume. They study this in the setting of college textbooks, where the publication
of a new version of a textbook results in a dramatic fall in the value of the old version. At a high level,
Chevalier and Goolsbee tests whether college students are more price-sensitive when a revision of the
textbook is imminent, and to do so they model demand as a function of current price, its interaction
with the probability of revision in the near future, as well as textbook characteristics.

A concern with estimation of this demand model without using instruments is that unobserved
quality of a textbook may be positively correlated with price, probability of revision, and demand.
This corresponds to the “observational estimate” in column 1 of of Table 4 in Chevalier and Goolsbee
(2005), which I use for my sensitivity analysis (although their preferred specifications in the latter
columns and subsequent tables address this using IV).” Specifically, I derive conditions under which
OVB can completely explain the finding from the observational estimate that textbook consumers are
forward-looking.®

Figure (1| shows the values of M and R2 ,,, under which the finding from observational estimates
that consumers are forward-looking is not robust to OVB. For example, if we believe that about half
of the variation in the interaction between price and revision probability can be explained by textbook
characteristics (the included controls) and unobserved quality (the omitted variable), then OVB can
completely explain the result if consumers value unobserved quality at least 7.5 times more than
they do textbook characteristics. To the extent that such a condition is plausible, this highlights the
importance of the IV specifications in Chevalier and Goolsbee (2009), which use current and expected

future prices (as well as their interactions) as instruments in their preferred specifications.

1 use the results from the NBER working paper version, since the published version unfortunately contains a typo-
graphical error in the table that shows the main results.

8Some required information is not available from the results presented in the paper (specifically, the covariances
between the regressors), so in these cases I need to make some assumptions. This is discussed in greater detail in the
Appendix.
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Figure 1: Can OVB Explain Results from Observational Estimates Showing that Textbook Consumers
are Forward-Looking?
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5.2 Cheng (2023): Are Consumers Responsive to Nursing Home Quality?

In my second empirical application, I consider estimates from Cheng (2023) of nursing home residents’
demand for quality. Cheng estimates that demand for quality in the nursing home setting is an
order of magnitude smaller than previous estimates from studies in hospital settings. In the following
sensitivity analysis, I derive conditions under which OVB can completely explain the discrepancy
between estimates of demand for quality in the nursing home and hospital settings.

Using the estimates B, a, 51, Paws Px2K, Puw x from Appendix Table [2| Figure [2| plots the values
of M and either Riymaz or M, r under which omitted variables bias can completely explain the
discrepancy between the demand estimates. We observe in Figures [3a] and [Bb| that under the suggested
value of M, g or R2,,,, from Oster (2019), indicated by the dashed vertical line, residents need to
value the omitted variable M > 100 times more than observable quality measures in order for OVB to
completely explain nursing home residents’ low demand. On the other hand, Figures [3¢ and [3d] show

that if we assume that almost all of the variation in quality can be explained by the omitted variable,

then residents need to value the omitted variable about M = 2.7 times more than observable quality
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measures in order for OVB to completely explain the low demand. Such a value of M may seem
plausible, but recall that in order for OVB to explain the results, we also need residents to value the
omitted variable positively even though it is strongly negatively correlated with quality, which seems
unlikely.

When thinking about the importance of the omitted variable, it is also important to note that we
should only consider the portion of the omitted variable that is not predicted by the included controls.
For example, if we think that the level of comfort provided by the nursing home is an important omitted
variable, it seems quite likely that comfort is correlated with staffing levels and cited deficiencies.
So, although we may think that comfort is very important (suggesting a large value of M), after
partialling out staffing levels, cited deficiencies, as well as for-profit and chain status, the importance
of the remaining variation may matter much less for consumer utility (so that M can in fact be much

smaller).

6 Conclusion

In this paper, I derive bounds for the OVB in discrete choice models under assumptions about the
relative importance of the unobserved controls relative to the observed ones, as well as the R? from
regressions of the variable of interest (and the scaling variable) on all controls. Simulation results
confirm the validity of these bounds, and I also illustrate how these methods for sensitivity analysis
can be used in practice in empirical applications studying whether textbook consumers are forward-

looking, and residents’ demand for nursing home quality.
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Figure 2:
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Appendix
A Proofs
Proof of Lemmal[ll Suppose we estimate utility without any controls:
v = BJ:” + dqw;j + ;5. (12)
Assumption NO implies that for each k:
zfj = Py Tij + l/fj, E[Vlkjkr”] =0, Var(ufﬂxij) =02,. (13)

and that (I/,L-lj, ey Vg )’ is jointly normally distributed with a diagonal covariance matrix.

Substituting equations (13|) and into equation , we obtain:

k=1

K K
Vi = (5 + Z 6kpm,zk> Tyj + Qwgj + <5ij + sz,zk VZ) .
k=1

=3 =¢&;;

The error term €;; is normally distributed as a consequence of Assumption N0, and thus, equation
is still a multinomial probit specification. From this we deduce that the population estimates of the

coefficients on x;; and w;; are given by:

K
. 1)
IB — B + Zk:l kpx,zk & = « (14)

1+ Zszl Spo 1+ 25:1 et

The denominator can be thought as a type of attentuation bias, arising from the fact the utility is

scaled differently in the estimation of equations and — specifically, &; = €;; + Zszl P2k I/fj
is normalized to have unit variance in the estimation of equation , whereas in equation €5 is
normalized to have unit variance. Nonetheless, since the parameter of interest is the ratio of coefficients
rather than the individual coefficients, this attenuation term cancels out in /&, so it does not affect

the bias for the ratio.
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From equation , we obtain:

K
+ Zk:l 5kpac,zk ’
«
— ———

OVB (no controls)

Q<‘\Q<

i
(0%

and we see that the formula for the OVB closely mirrors the OLS case. Following the same steps as

the case without any controls, we can obtain a similar equation for the OVB for the specification when

(215, -, 21;)" are controlled for in the estimation:
@ = é + 6sz,zK
& o o
————

OVB (observed controls)

We would like to now consider a worst-case bound for the OVB for B /& under the assumptions we

made. For this, it is useful to note that Assumption RO implies that Zszl pi < RZ? ., since:

K K
1 =Var(z;;) = Cov <Z P 2k zfj + €45, pr)zk zfj + eij>

k=1 k=1

K
= 0l + Var(ey)
k=1

K K

R R2_1— Var(ei;) 1—(1— 9 - 9

- maz = - V(J/I“(.’)S‘j) - ( pr,zk) - pr,zk'
K k=1 k=1

Hence, the worst case bound for the OVB is given by:

max Ogpy K
KiPy K

L
st.0x <MY 6,0k >0k € {L+1,..K}
=1

L
2 2 2
Py 2K < Rma:z: - E Pzt
=1

where the first constraint comes from Assumption D, and the last constraint comes from Assumption

RO, and there is an analogous optimization problem for the minimum. ° It is clear that the maximum

is obtained when dx = MZlel 0; and p, x = \/anaz - Zlel p? ., and in the solution for the

9More precisely, this last inequality should be strict, but that would imply that we are not optimization over a closed
set and there is no solution in general. So, the OVB can be arbitrarily close to this maximum, but not be equal to it

under our assumptions.
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minimization problem, the sign of p, .x at the minimum is flipped.

Now, we observe that 51 = §; since z C 1 zk for k # k' under Assumption N0, and under the same

assumption, we have p, ;1 = p, ;i where p, .. is obtained from a regression of sz on z;;. Hence we

obtain a formula for the bounds for the true value 8/« which depends only on quantities identified in
the data:

Ll
SR e

_‘<M§2> R mel Ly ’( ii) R, mez |

To obtain the alternative formula for the bound when L = 1 and p, ,» # 0, note that the change

in the estimate for 8/a when we include the control z . is given by:

Q| e
Q>‘\®>

_ 51pm,z1
P

Setting 0 = M 61 and P K = im and combining this with the equation above, we find
that the worst-case OVB is:

OK P, 2K o1 N
% =M - E R72na:c pi,zl
M (B B -
- :I: ~ <v - A> Rgnal pi 219
P21 \ O & ’

and thus the bound for the true parameter is given by:

2 erm (B2 (8- 8) () | 2o (2-2) (V7))

Finally, these bounds are sharp, since our proof for the worst-case bounds is constructive. In other

Q

8

)

words, for any values of 7 € I and identified quantities (B, &, 01,001, Pz 215 Pu.sL ), there are values

of 0k and p, .x satisfying Assumptions D, N, R0, and E for which 5/« satisfies:

6Kp:c,zK _
«

B _
.

SIS

and is thus consistent with the data, e.g. by setting:

L A
. (B/a - 1)(@)
S =MD b1, pyo = et
oA MY 5
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Proof of Proposition . By Ruud (1983), we can assume without loss that the covariates and errors

follow a joint normal distribution. In this case, we have:

ZZ = Pz kTij + V!:,ij» E[Va];zﬂxz]] =0, Va?"(”f,ij‘xij) = US’v

x

= a2k Wij + 1/371-]-, E[Vi7ij‘wij] =0, Var(llqiij\wij) = 055.

Substituting this into the probit specification that includes only observed controls, we obtain:

L
Vij = (ﬁ + 5pr,zK) Lij + (Ol + 6pr,zK) Wi + Z 5lzzl'j + (Gij + pz,zKVg) .
- . = e S
=3 = =€ij

This implies that the estimated coeffients are related to the true parameter by:

So, to obtain a bound for the true coefficient, we simply need to minimize and maximize this with
respect to (0x, Py 2%, P, ) under the constraints implied by Assumptions D, N, and R.

First, we note that at the maximum and minimum, the constraint on dx in Assumption D clearly
binds, so we can set g = M Zfi;l 6, The proof for Proposition already derived the second
constraint in the constrained optimization problems @ and , and the third constraint is derived
exactly the same way replacing z;; with w;;.

The first constraint is equivalent to the covariance matrix 3 € RE+2K+2 is positive semi-definite.
This is because by Sylvester’s criterion, X is positive semi-definite if and only if all of its leading prin-
cipal minors are non-negative. The first K 4 1 leading principal minors do not involve the parameters
we are optimizating over (i.e., they are given only by moments identified in the data), so we know that
they must be positive (by Assumption N). The (K + 2)-th leading principal minor is the determinant
of ¥, which Lemma [2] in the Appendix shows, is equal to C'x. Rewriting the condition that C'x > 0
so that all the unknowns are on the left hand side, we obtain the first constraint in the constrained
optimization problems @D and .

We have shown that the values of p, ,x and p,, ,x must satisfy the inequalities. Nonetheless, we

must still check that the maximum and minimum exist. To do so, first, we note that the objective
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function is continuous, which is guaranteed by Assumption C. Next, the set of values (p, .x, py, .x)
can take is clearly bounded, for example, by [—1,1]2. To show that the set defined by the inequalities
is closed, we note that the set can be written as the intersection of the inverse images of the intervals
(00, rq] under the functions on the left hand side where r, is the right hand side of the ¢-th inequality.
Since the functions on the right hand side are continuous and (oo, 7] are all closed, the inverse images
are closed, and so is their intersection, and thus the set of allowed values is closed. Under the Heine-
Borel theorem, the set of allowed values is thus compact, and combined with the fact that the objective
function is continuous, this implies that the minimum and maximum exist.

Hence, we have proven that 8/« lies in the well-defined interval (Iin, Imasz). Finally, to show
that the bound is tight when R2, .. = R .., = 1, we note that in this case, the second and third

constraints in the constrained optimization problems @ and are implied by the first constraint.

O
Lemma 2. The determinant of the covariance matriz for (x,w, 2", ...,25) %, is given by:
K K
Ck = 1_ﬁi,w+z (Qﬁa:7wﬁx,zkﬁw,zk _/33;7zk _ﬁi,zk>+z Z (ﬁm,zkﬁw,zk' (ﬁx,zkﬁw,zk/ - ﬁx,zk’ﬁw,zk)> :
k=1 k=1k'#k

Proof of Lemma[3 The determinant for ¥ can be calculated using the Leibniz rule. In particular, the

determinant is given by:

1 Prw Pzl e e e PpaK
Prw 1 Puw,zl e e e Py K
Pzt Puw,t 1 0o ... .. 0
= =| : : 0o .0
0
0
Pz 2K Py, zK 0 0o .. .. 1

K K
(1 - Zpi)’zk> - pzw|2~z,w| + Z(_l)k+1pm7zk|2~m7zk|,
k=1 k=1

where X, corresponds to the matrix after removing the first row, and the column which has p, , as
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the first element, for any variables v and v. We can compute that:

Pzw Pwzl Pw,zK
pot 10 . .0
0 .0
pr‘wa,w‘ = Pzw
0
0
poo O .0 1
K
= Pzw (me - pr,zkpw,zk> s
k=1

where the term — sz:l Puw,zk Py 2+ can be verified by induction. Similarly, we have:

pz,zk|2~x,zk“ = Pz,wPw, 2k Px,zk — pi,zk + Px,zk Z pu;7zk/ (px,zkpu;7zk’ - pyg,zk’pw,zk%
k' £k
where the summation term can also be confirmed by induction. Combining these formulae, we obtain:
K K
Ck = 1_ﬁi,w+z (Qﬁm,wﬁx,zkﬁw,zk _ﬁi,zk _ﬁz;’zk> +Z Z (ﬁm,zkﬁw,zk/ (ﬁm,zkﬁw,z’“/ - ﬁx,zk’ﬁw,z’“)) )
k=1 k=1k'#k
as desired.

O

Proof of Proposition @ Extending the proof in Ruud (1983) to discrete choice models, the MLE
estimates will be consistent even if the distribution of ¢; is misspecified, as long as the expectation of
each covariate conditional on z; = A’Y; = Bx; + ow; + Zszl 5sz € R’ is linear in Z; where A is a

d x J matrix. Denoting B = $1/2A(A’SA)~Y/2 €V, ;, we can write this condition as:
Pr(||[E[Z|B'Z] — BB'Z|| > t) =0
for all t > 0, since
EY|A'Y] = (uy + V2 Pous V2V — puy)) = SYA(E[ZB'Z] - BB'Z),

where Ps1/2 4 denotes the projection matrix onto the subspace X/2A. This only holds exactly in finite
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dimensions for special distributions of Z (specifically, those described in Assumption D), but here I
only need to show that as d — oo and J remains finite or goes to infinity at a rate slower than log(d),
Pr(||E[Z|B'Z] — BB'Z|| > t) tends to zero for values of A € J(¥) and ¥ € S = {UAU’'|A = diag(\;) >
0,U € U(A)}, for sets J(X) and S described in the Proposition.

Fix J and d. Then, under Assumption S, we know from Proposition 3.4 of Steinberger and Leeb
(2018) that for each 7 € (0,1) and J < d, there is a Borel set G € V; s such that for each diagonal
positive definite matrix A, there exists a collection U(A) = U(G,A) C Oy of orthogonal matrices,

satisfying the condition that the sets

S =S(G) = {UAU’ : diag(\;) > 0,U € U(G, A)},

and

JE)=I(E,G)={A eV : 2YV2A(A'LA)" Y2 € G},

have the properties that for 3 € S,

n_J
7 &1log(d ))7 (15)

sup Vdd ) <
A:A=diag(N;)>
\/ : )
sup vq,7(J9(2)) < T gllOg( ) ; (16)
zes

and for any A € J(X) and every ¢ > 0,

J
1 — 7 3&log(d)’

sup Pr(|[E[Z||B'Z] — B'BZ|| > t) < d T4y (17)
BeG

where & = min{{,¢/2 + 1/4,1/2}/3, and v = max{g1,6 + 2log(2D/me)}, with the constant
depending only on @ and 3, and g; being a global constant. The first two inequalities show that the
measure of J¢(X) and U°(A) tend to zero as d — oo and J remains finite or tends to infinity at a rate
slower than log(d).

Finally, given that:

IEIY|A'Y] = (ny + Y2 Poipa ,£72(Y — py)|| < 1IZ)1V2|(E[Z|B'Z] — BB'Z)]],
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we need to show that ||X]| is bounded. Recall that we assumed zfj Lz, so the only non-zero elements

179
in ¥ are the diagonals, and the entries corresponding to p, .~ and p,, .. Writing the mth element of

Y as Y,,, we have:

IIE1 < VIE[Zlloe = [IE]ls
— !
-, 2 PO
- - 1<m<m/
= 0(J/d),
where the inequality in the first line is due to Hoélder’s inequality, and ||X]|1 = ||X||eo since they are

equal to the maximum of the column and row sums (respectively) of the absolute values of elements
in ¥, which are equal since ¥ is symmetric. This implies that as d — oo and J remaining finite or

tending to infinity at a rate slower than log(d), we have, for any t > 0:

Pr{|E[Y|AY] = (ny + Y2 P S72(Y — py))|| > ) < Pr([SI|V2||(E[Z|B'Z] - BB'Z)|| > 1)

or sufficiently large d) < Pr - >t
f fhi ly 1 d) <P E[Z|B'Z]| - BB'Z

1 _ Y1 J
< Zd7T&
Tt * 1 —73&log(d)

which tends to zero, as desired.

B Calculations for Empirical Applications

B.1 Chevalier and Goolsbee (2009)

The parameter of interest is A, which is given by the ratio of the coefficient on the interaction between
price and revision probability and the coefficient on price (multiplied by —1). First, using the theory
developed in this paper, I will derive conditions under which OVB can fully explain the finding that
consumers are forward looking when in fact consumers are fully myopic (A = 0). Since the paper
does not provide information about the covariance between the endogenous variable and the control
variables (as well as the covariances between the control variables), some approximations have to be

made in the calculation below.
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Consider the normalized “composite” control variable:

L
5. — E k
Zij = (Skzij,
k=1

and normalize it so that:

Zk 1 lj’

\/Var (Zﬁzl 5szj) ,

zij =

If we replace the controls in the estimation equation with Z;;, the coeflicient on Z will be \/ Var (25:1 &zfj) ,
which is 0.31 if we ignore the correlations between the zfj’s (which are not given in the paper).

If we also normalize the coefficients on the variable of interest and scaling variable, we obtain
B> 1.13, & ~ —1.28. Assuming that the true value of « is negative (i.e., price elasticity of de-
mand is negative), the test of whether consumers are fully myopic reduces to checking whether:

0 € [ M\/Var 5 <\/Rmaz pi’%) B+ M\/Var 5 <\/Rmam p§z7>H Since we do

not have information on p2 _. , we simply assume that it is zero in our calculations.
23

B.2 Cheng (2023)

Quality is quantified in terms of risk-adjusted mortality rate (in percent), and demand for quality
is measured in terms of the marginal rate of substitution (MRS) of quality with respect to distance
(in miles). As a benchmark for the demand estimates from hospital settings, we use the estimate of
1.8 from Chandra, Finkelstein, Sacarny, and Syverson (2016). Estimating demand for nursing home
quality in California between 20082010 using a conditional logit model,'® Column 1 of Appendix

Table [2] shows that when we do not include any controls, the estimated MRS is:

0.020/0.015

MRS = ——— L2
RS = = 519 /3.8%2

-0.01 = 0.041,

which is more than 40 times smaller than 1.8, and column 2 shows that the estimate remains largely
unchanged if we include controls for RN, LPN, and CNA staffing levels, as well as number of complaint
deficiencies that nursing home cited for, and whether the nursing home is for-profit and/or part of a

chain. Column 3 verifies that the estimates are unchanged when we use the “composite” control variable

10Cheng (2022) considers a more complicated structural demand model which takes unobserved choice set constraints
due to selective admissions practices by nursing homes into account. However, for simplicity, we will ignore these choice
set constraints in our application here.
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Z;; which is given by the weighted sum of the original controls with utility weights (normalized to have

unit variance).

C Closed Form Expressions for [,,;, and [,,,, in Proposition

For I,,,;n, consider the candidate values:

pm,zK = z max E pz 2

K-1

Pw, K = —Sgn M l w max E pgj P :c max § : px 2l
=1

If this pair of values satisfy the first constraint, then substituting them into objective function gives
us Iin. Similarly, flipping the signs of these two values, if the first constraint is satisfied, then they
are the solution to the maximization problem or I,,,4.

Now, suppose that that the first inequality is not satisfied with these values. This implies that it
holds with equality since the function on the left hand side is continuous (and thus the inequality still
holds if we perturb p, .« or p,, .« in the direction that increases their magnitude). Now, solving p, .x

in terms of p,, .« in this equation, we obtain:

K-1 K—-1 K—1
(1 - p;i> P2+ (1 - ﬁ;i,zz> P2 i +2 (—ﬁm,w +) ﬁgc,zzﬁw,zz) Pa.2puzr = Crc1,
1

= =1 =1

—-B+ \/B2 - 4AC(pw’ZK)
2A ’

Pz, 2K = Q(pw,zK) = (18)

where:

=1- Z pw P
K-1
B(pw,zK) =2 <_ﬁx,w + Z ﬁx,zlﬁw,zl> Pw,zK

=1

K—
Clpu,zx) = ( Z P2 zz> pay i — Cr1.
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Substituting this into the objective function and simplifying, we obtain:

~ . A M. Ii;lg _B(pw,zK) + \/B(pw7zK)2 - 4Ac(pw)zK)>
TR >t i (

2A
a— (M-S 8 puy o a— (M-S 6y axc

_ QAB - (M . leizl Sl) (_B(pw,zK) + \/B(pw7zK)2 - 4Ac(pw,zK))
24 (6= (M- 2[5 8)pu 2r)

The first-order conditions are given by:

~(FH () |G £ 5 (o) (267 =34 (1= S5 21 ) o)
H(pun?
245 - F (-B(pur)  Blpuo)*?)] (-24F)
H{(py,.x)? ’

where:

From this, we obtain:

K- 2A8 — F (-B(p,, ,x) + E(p, .x)"/?)| 24
e R (L

K—1
— [G + E(p, k) '? <G2 —4A (1 - ,ai’ZL)) pw,ZK:| (a - pr’ZK) =248+ FB(p,, .x) F Ep, .x)"*
=1

= {GE(pr)l/2 + (c;2 —44 (1 -

i
N~
N———
)
¢
n
=
| IS
/~
o3
|
T
>
s
x
~—r
Il
—~
[
=
=S
+
&
@
)
g
X
=
=
&
)
¢
&
=
<
N
_H
&
)
¢
X
=

= [248+ FB(,, .x) - (6 - Fp,, .x ) G| E(p,, .x)"/?

= [2A/§ + FB(p, k) — (& - pr‘zK) G}z E(p,, .K)-
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Given that B(p,, .« ) is linear in p,, .x, E(p, .x) is quadratic in p,, ., this is a quartic equation. In
particular, we have:

K—1 2 2
[(d—pr’zK) <G274A<1— > ﬁi2l>>psz+E(pw ZK)] =[2AB+FB(prK)—(d—przK)G} B, k)
= e , , , , )

— K—1 2
2
2 N 2 2 N 2 2 2
E(pw,zK) +2 (a - pr,zK) (G - 44 (1 - l; pm,ﬂ)) pw,zK + (a - Fﬂw,zK) (G — 44 (1 - Z pm,zl>> pw,zK

= (248 — &G)2E(pw LK)

— [B6, .x0)? - 2406, 0|2+

w,z w,z

2( 2 = : 2
t(amro, ) (P maali- S]] Ak

=1

- @4h - a6)? [Blo, k)% - 44C(, k)|

K—1
N 2 52 _
+2(a—pr)zK> (G —4A (1— > pxﬁzl>)pw1zk =0

=1

2 K=t o, 2 2
— G —4aA|1— 121 Py al pw,2K+4AcK,1 +

K—1 2
2 N 2 2 2 <2 2
+(o¢ 72anw,zK + F pw,zK) (G —4A (17 g pz.zl)> P K

=1 wE
5 2 2 K&, 2
— (2A3 — aG) G% —4A |1 - Lgl Pl || P,k +4ACK 1
2 = o
+2(d *pr,zK) G —4A 1 - 121 Pyl P 2K =0

— (248 — a@)? [GZ —4A (1 - 2 zl>:| pi})zK — (245 — aG)24AC K 4

K—1
2 > 2 2 _
)pw,zK 7F<G —4a (17 =i p:l;,zl))pw,zK =0
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K—1 2 —
2 5 4 2
= [c —4A<1— l; przl>:| K +8ACK 1[G —4A< 2
2 (42 = ? . =t : 3
+a%[G% —aA |1 - 121 pL 1 P LK — 24F G% —aa z Py oK

+
M
2
—
Q
M
|
~
RS
N —
[
|
=
M1
-
S
Y
N@-
SN———
—
)
g )
W §
A
|
]
—
Q
[V
|
~
;S
/N
10
SN———
SN———
<
8[\7
n
x
Il
o

so we can write the quartic equation as:

api,,zk + bp?u,zK + Cpi}’zK + dpw,zK +e=0,

where:
K-1 2
E(1+F2) ( pr7zz>‘| ,
1=1
2
b= —2aF |G? —4A (1—2;)3021)] :

c= {SACKl +a% @

g

e =4ACK_, (4AOK_1 — (248 - dG)Q)

d=2&

Denoting:

p = 2¢3 — 9bed + 27ad® + 26b%e — T2ace,

q = ¢ — 3bd + 12ae,

we can write the roots as:
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(1) _ b 1 I3 20+ q‘ﬁ & V}p-f-\J —4q3+p2

okt === N 2
z
y 4a 2 \4d’ 3a 3a‘}jp+\l—4q’+pz 322
3.
N A {pA g p [(5+2-%)
2 2a® 3a 3 s i -
3a‘]p+\f —4q +p 3av2 4 i_2_5+ 2 ) \J/p+\l—4q’+pl
4 30 3piv-agtp 3aV2
(2)  __ b 146 2 a2 p +\ —44 +p’
Puwk = 2a 2\ 34 K — —
3a p+\f—4q +p 3aV2
i _ b 4bc _8d
+% 2122_;&_ Fi n2 _NptN-Ag+p ( ¢ 7 _7)
a a J 3 wed 3
A= 2 5 J
3a\p \l 4q +p 3a2 4 412_2_C+ : 2 . Jp+‘j_4q3+p1
a’ 3a 3a"P+‘J—4q’+p1 32
() __b_ 1,8 2 a2 Vp+{-4g+p
Py 2K 2a 2\V3 32 T 3 ¥ =
’ 3a\p+\ 44 +p° 3aV2
; _ b 4bc _8d
% Ziz_%c__ : a2 _Np+—4g+p 4 ( a3+7_7)
a a AR 2 3 —
3a‘jp+‘l 4 +p 3aV2 44| B2, a2 . Vp+V-ag+p"
4a’ 3a 3a‘]jp+‘j—4q5+p: 302
(4) __b 1 _{71__20 932 le-*-\j —4q’+p2
pw,zK 4a 2\4d 3a 3 5 - iy
3a\p+\ 44 +p° 3av2
p _ B 4bc _8d
+% zizz—‘;_‘f_ ; 2 _ Np+\{-4g+p’ + ( ¢z 7)
a a 3 2 3
A= 2 Y 4
3a P \l 4q +p 3a\/5 4 s . 2 . P+ _4q3+pz

3
4a’ 3a 3a‘jp+‘j—4q’+p: 3032



Finally, denoting;:

* J—
Py K = z max E z”

K—-1
pTu,zK = —sgn /6 M l w max Z px PL w max Z 3: )
=1
K—-1 K—-1 K—-1
h(pmsz’pquK E ( Z pw zl> p:2c,zK+ (1 - ﬁi,ﬁ) pi},zk +2 <_ﬁw,w + Z ﬁm,zlﬁw,zl> Pz, 2K Pw,zK
=1 =1 =1
A K-1¢ (m)
(p*,min *,min) = min ﬂ (M Zl 1 5l P, 2K }
z,2K "V Pgp 2K ) — K-13¢ (m)
— (M - 01)p
OB P e
A K—-1¢ (m)
*,max _*,maxy __ ﬁ (M Zl 1 6l P zK
(pw,zK Py, 2K ) = max G — (M ZK 13 (5 (m)
= 0P ) e
K—-1
S= {(7’1,7‘2)|7'1 = Q(TQ) (7”1,7"2) € R? ’rl < Ri max Z ﬁi,z“r% < R?U,max Z pw zl} )
=1

where Q(+) is given by equation , we can write the lower and upper bounds as:

~ K—1 ¢ R ; 3 K—-1¢ 5
R B0 v Vv PR LY vorsd iV
min = 7 K—1 ¢ min’ tmaz = K—1 ¢ ; ’
a— (M- d)pm &= (M- 3y 0y
where:
min xmin (pZ,ZK,P*w,ZK) if h(p* Py Zxapw ZK) <Cgk-1
(px’zK ) x,ZK ): ) ) . .
(pfiﬁ;quamc, T:;’(quamc) otherwise
*, AT kK, mazx (*Pz,zm *sz,zk) if h( ac zK’ 7p>:072K) < Ck-1
(pIZK 7pmzK ): . .
(p;n:f(’quamc, Ziﬁéquamc) otherwise.

40



Table 2: Conditional Logit Estimates of Nursing Home Residents’ Demand for Quality

) (@) A3)
Resident Preferences
Quality (s.d.) 0.020%*** 0.018%** 0.018***
(0.003) (0.003) (0.003)
Distance to Nursing Home (s.d.) -1.249%** -1.250%** -1.250%**
(0.003) (0.004) (0.004)
RN Hours Per Resident-Day 0.563***
(0.007)
LPN Hours per Resident-Day 0.386%***
(0.007)
CNA Hours Per Resident-Day -0.250%**
(0.003)
Deficiencies 0.01 %%
(0.001)
Chain 0.254 %%
(0.006)
For-Profit 0.150%**
(0.010)
Utility Index for Controls (s.d.) 0.319%%**
(0.003)
Number of Observations 7,778,104 7,780,646 7,780,646

Notes: This table shows conditional logit estimates of nursing home residents' demand for quality.
Standard deviation of quality and distance are 0.015 and 3.882 respectively. Standard errors in
parentheses.
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